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ABSTRACT 
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This  paper  deals  With 
fully  nonlineaj^  equation 
a  domain  of  -R7  and 


>1 


jhe  first  b^dndary  problem  a^sociatya  with  the 


on  the  set  W  x  (0*"),  where  is 


u^_  =  Min{'(,*Au} 

|jjj(x)  is  a  given  obstacle  such  that  $£>_0  on  (jfc 
Formulating  tfie  problem  (occurring  in  heat  control)  as  an  Evolution 


■yo‘ 


Variational  Inequality,  H.  Bre 
weak  solutions  in  the  space 


V 


obtained  the  existence  and  uniqueness  of 
(0j)  as  well  as  weak  convergence  to  an  unknown 
equilibrium  point  of  the  equation) (when  t  goes  to  infinity).  The  stronq 
convergence  of  the  solution  to  th^  zero  equilibrium  point  is  shown  here, 
provided  the  obstacle  is  positive  land  subharmonic.  If  in  addition 


presented  for  Strong  solutions  (that  is,  those  which  satisfy  the  equation 
a.e./).  (rhelfact  that  under  more  regularity  on  the  initial  datum  the  weak 
solution;  is  also  a  strong  one  and  certain  useful  comparison  principles  are 
proved  b|y  usinq  *jthe  theory  of  accretive  operators  in  Banach  spaces. 
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SIGNIFICANCE  AND  EXPLANATION 

Problems  arising  in  heat  control  theory  are  often  modeled  by  Parabolic 

Variational  Inequalities  (PVI)  (see  G.  Duvaut-J.  L.  Lions  [16] ).  One  example 

of  such  problems,  considered  in  this  paper,  corresponds  to  the  case  where  the 

N 

temporal  temperature  variation  of  a  body  cr  fluid  0  of  R  is  not  allowed 

to  be  greater  than  a  given  positive  function  (called  "obstacle"). 

In  an  earlier  work  [8],  H.  Brezis  has  proved  that  the  PVI  arising  in  such 

a  situation  can  be  formulated  as  an  abstract  Cauchy  problem  on  the  space 

Hq(0),  and  he  obtained  the  existence  and  uniqueness  of  solutions  by  means  of 

the  theory  of  maximal  monotone  operators.  Using  this  theory,  he  also  proved 

in  [8]  that  the  solution  converges  weakly  in  Hg(ft)  to  an  equilibrium  point 

when  t  goes  to  infinity.  Similar  to  other  nonlinear  evolution  equations, 

there  exists  a  larqe  set  of  such  equilibrium  points.  An  important  question  is 

to  decide  how  the  solution  selects  an  equilibrium  point  among  all  them  and 

whether  the  convergence  to  it  also  holds  in  the  stronq  topology. 

In  this  paper  some  answers  to  both  questions  are  given  by  setting  the 

problem  in  a  different  framework.  It  is  easy  to  see  that  solutions  being  more 

regular  ("strong  solutions")  satisfy  a  fully  nonlinear  parabolic  equation. 

Such  strong  solutions  are  obtained  via  a  "dual"  problem  that  is  shown  to  be 

"well  possed"  in  L^ft)  in  the  sense  that  the  accretive  operators  theory  can 

be  applied,  assuming  that  the  obstacle  is  sufficiently  smooth.  It  is  also 

00 

shown  that  the  "direct  problem"  is  well  possed  in  L  (ft)  for  more  reqular 
obstacles. 

Adapting  a  curious  comparison  result  of  Ph.  Benilan  and  J.  I  Diaz  ([3]) 
some  estimates  are  obtained.  Finally  it  is  shown  that  the  solution  converges 
strongly  in  Hg(ft)  to  the  zero  equilibrium  point  when  the  obstacle  is  assumed 
to  be  a  subharmonic  function  on  ft.  If  in  addition  the  obstacle  is  strictly 
positive,  then  the  asymptotic  behaviour  is  completely  described  because  it  is 
shown  that  the  solution  verifies  the  linear  heat  equation  after  a  sufficiently 
large  time  Tq.  Different  results  on  the  strong  convergence  and  the  selection 
of  the  equilibrium  point  are  also  given. 


The  responsibility  for  the  wordinq  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


ON  A  FULL*  NONLINEAR  PARABOLIC  EQUATION  AND 
THE  ASYMPTOTIC  BEHAVIOUR  OF  ITS  SOLUTIONS 

J.  Ildefonso  Diaz* 


tl.  INTRODUCTION 

N  2 

Let  fl  be  a  smooth  bounded  domain  in  R  .  Given  i|>  6  L  (fl)  with  >  0  a.e.  and 
u0  6  Hp(fl)  we  consider  the  problem  of  finding  a  function  u(t,x)  satisfying 


u  =  Min(4*,Au} 

on 

(0,“) 

x  fl 

u  -  0 

on 

(0,“) 

x  3fl 

u(0,x)  -  uQ(x) 

on 

fl 

Such  type  of  problems  occur  in  heat  control  (see  [16),  Chap.  2).  Formulations  as  (1) 
also  appear  in  a  non-standard  statement  of  the  Stefan  problem  (see  later  Remark  A.1)  as 
well  as  in  some  particular  case  of  the  so  called  Bellman's  equation  of  Dynamic  Programming 
(see  Remark  5). 

Problem  (1)  can  be  expressed  in  a  weak  form  by  means  of  the  following  Evolution 
Variational  Inequality 


ufc  G  K,  K  *  (v  G  H^tfl)  :  v  <  ♦  a.e.  on  0} 

(2) 

/  u  (v  -  u  )dx  +  /  qrad  u*qrad(v  -  u  )dx  >0  V  v  G  K  and  t  >  0  . 
fl  *  a  t 

The  existence  and  uniqueness  of  a  solution  of  (2),  for  each  u^  S  was  proved  by  H. 

Brezis  in  [8]  (see  also  [5))«  Also  the  asymptotic  behaviour  is  considered  in  [8]  by  means 
of  the  abstract  result  on  asymptotic  behaviour  of  solutions  of  evolutions  equations.  It  is 
shown  there  that  u(t,x)  converges  weakly  in  H^tfl),  when  t  +  to  a  function 

♦Universidad  de  Santander  and  Universidad  Complutense  de  Madrid,  SPAIN 
Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-80-C-0041 . 


Min{Aua,  i|»}  ■  0  on  0 


ua(x)  8  Hg(fl)  aatiafyinq 

(3) 

in  tha  aansa  that 

(4)  /  qrad  u„qrad  v  dx  >  0  V  v  0  K  . 

0 

Nevertheless  it  ia  neither  known  how  tha  solution  selects  an  equilibrium  point  amonq  all  of 
them  nor  if  tha  converqance  also  holds  in  tha  stronq  topoloqy  of  Hg(0).  Both  questions 
were  proposed  in  (8]  and  they  are,  essentially,  the  main  aims  of  this  work. 

Our  methods  for  the  study  of  the  asymptotic  behaviour  are  based  on  considerations  made 
in  terms  of  stronq  solutions  i.e.  solutions  which  satisfy  (1)  a.e.  Because  of  this  we  will 
first  consider  some  reqularity  results.  On  this  respect  it  is  not  difficult  to  see  that  if 
the  solution  u  of  (2)  is  such  that  Au(t,‘)  0  L1  ( fl ) ,  for  t  >  0,  then  u  is  a  stronq 
solution.  Nevertheless  not  every  solution  of  (2)  is  a  stronq  solution.  For  instance,  when 
♦  S  o  and  Uq  is  such  that  AuQ  >  0  in  D'(fl)  it  can  be  directly  verified  that 
u(t,x)  -  uQ(x)  V  t  >  0  and  then  u  is  a  stronq  solution  iff  AuQ  C  L^fl).  we  shall 
show  that  if  4ie  H1  (0)  with  ( — A<») "*  0  and  Au^  8  l.1  (<3 ) ,  the  solution  of  (2)  is  a 

stronq  one  and  ratisfies  Au  8  C([0,“)  i  l'(0)).  (A  stronger  reqularity  result  will  also 
be  obtained  when  +  8  C2(H)  and  Au^  8  t>  (fl)). 

The  main  result  in  our  study  of  asymptotic  behaviour  of  the  solutions  shows  the  stronq 
convergence,  in  of  the  solution  to  the  equilibrium  point  zero  provided  4*  >  0  and 

A\|i  >  o  a.e.  on  ft.  If  in  addi  :ion  t(x)  >  A  >  0  a.e.  x  8  B  (for  some  6)  then  the 
asymptotic  behaviour  is  completely  described  in  the  sense  that  we  show  the  solution 
verifies  the  linear  heat  equation  ut  -  Au  on  (Tf ,•)  *  0  for  an  adequate  finite  time 
TQ.  other  answers  on  the  stronq  convergence  and  the  selection  of  the  equilibrium  point  are 
also  qiven. 

The  essential  tool  in  our  treatment  of  (1)  is  the  consideration  of  the  "dual"  (or 
adjoint)  prohlem 
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Vt<t,x)  -  A8(x,v(t,x) )  •  0 

on 

(0,»> 

x  ft 

p*  . 

B(x,v(t,x))  -  0 

on 

(0,<*) 

x  3ft 

v(0,x)  ■  vQ(x) 

on 

ft 

where 

(5)  8<x,r)  -  -Min{*(x),  -  r)  a. a.  x  6  0,  V  r  6  R  . 

The  axiatance  of  aolutiona  of  P»  in  L1  (£1)  Implies  the  existence  of  strong 
solutions  of  (1)  usinq  the  relation  v  «  -Au. ^ 1 ^  The  former  question,  that  is  the 
existence  of  solutions  of  P*,  has  been  very  much  studied  recently  but,  as  far  as  we  know, 
the  term  B(x,r)  (a  maximal  monotone  graph  of  R  for  a.e.  x  6  Cl)  is  always  taken  in 
the  followinq  two  casest  a)  8(x,r)  is  independent  of  x,  b)  8(x,r)  is  onto  a.e. 
x  0  fl  ([91).  Notice  that  the  8(x,r)  qiven  in  (5)  is  neither  in  case  a)  nor  in  case 
h).  Anyway,  usinq  the  theory  of  Variational  Inequalities  we  shall  show  that  p*  is  a 

1  1  »  O 

"well  posed*  problem  in  L  (ft)  when  t[i  6  H  (ft)  and  (-Ai|>)  e  L  (ft). 

The  strong  solutions  of  (1)  satisfy 


ufc(t,x)  +  B(x,-Au(  t,x) )  =•  0 

on 

(0,») 

x  ft 

P  ■ 

u(t,x)  *  0 

on 

(0,~) 

x  3ft 

u(0,x)  -  UQ(x ) 

on 

ft 

with  B  given  by  (5).  We  shall  show  that  P  is  "well  posed"  on  L°°(ft)  when  i)i  6  C2(ft)i 
then  it  is  possible  to  obtain  more  regular  solutions  of  (1).  (P  has  previously  studied  in 
Benilan-Ha  (4)  when  8(x,r)  is  in  case  a)  or  b)). 

This  paper  is  planned  as  follows:  In  Section  2  the  existence  of  stronq  solutions  of 

1  w  j 

(1)  is  proved  when  <|»  6  H  (ft)  and  A ^  is  a  measure  such  that  (-A<|i)  6  L  (ft)  >  besides, 

n 

such  solutions  are  shown  to  be  more  regular  if  tec  (ft).  The  arguments  of  duality 


(1) 


Duality  arguments  have  already  been  used  in  G.  niaz-j.  I,  Diaz  [141. 
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between  (1)  and  P*  ara  also  presented.  In  Section  3  va  show  aavaral  comparison  results 

of  different  nature .  Finally.  in  Section  4,  the  asymptotic  behaviour  is  considered. 

Some  results  of  the  theory  of  evolution  equations  governed  by  accretive  operators  in 

\ 

Banach  spaces  are  used  through  the  paper.  In  Several  appendices  we  present  a  summary  of 
the  abstract  theory  as  well  as  the  proofs  of  the  fact  that  the  abstract  hypotheses  are 
satisfied  when  problems  P  and  P*  are  studied  as  abstract  Cauchy  problems  on  t»  (A)  and 
L1  (0 )  (or  H  1  ( fl )  >  respectively. 

t2.  ABOUT  THE  REGULARITY  AMD  THE  DUAL  PROBLEM. 

In  the  following  it  is  useful  to  recall  the  essential  part  of  the  proof  of  the 
existence  and  unioueness  of  solutions  of  (2)  given  in  [8].  It  is  based  in  the  fact  that 
(2)  can  be  eauivalently  formulated  as 

(6)  /  grad  u*qrad(v  -  u  )dx  +  ^(v)  -  w(u  )  >0  V  v  6  H^(fl)  and  t  >  0 

n  t  t  u  , 

where  v>  is  a  convex  l.s.c.  function  defined  on  by 

'  i  /  |v|2dx  if  v  6  K 
2  fl 

(7)  V<v)  *  . 

+*  if  v  6  K  . 

Introducing  the  conjugate  convex  function  of  <t  by 

(8)  * *(x )  -  Sup  {/  grad  x'grad  y  -  C V ) } 

yflH^fl)  ° 

inequality  (6)  can  be  written  as  -u  6  3w(ut>  or  equivalently 

(9)  ut  -  3w*(-u)  3  0  . 

By  the  theory  of  maximal  monotone  operators  on  Hilbert  spaces  ([71)  it  is  known  that  for 
.  Hg(fl) 

anv  u0  G  Hp(fl),  uQ  G  d(-3**(-* ) )  there  exists  a  unique  solution 

u  G  C(ro,»)  i  h’ (fl) )  O  w'  * 1  ( <  0,«»)  i  h’(A))  of  (9).  In  addition 

0  IOC  0 
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(10)  u(t)  S  D(-3y>*(-‘))  for  any  t  >  0  .(2) 

Finally  by  the  results  of  (51  (Proposition  11.10  anti  Lemma  II. 7)  we  have  that  {**•)) 

is  a  dense  sat  in  H^Ift).  So  the  result  of  tfi)  follows. 

As  it  has  been  pointed  out  in  the  Introduction  we  are  interested  on  the  solutions  of 
(1)  that  satisfy  it  a.e.  Such  functions  will  be  termed  strong  solutions  of  (1)  in  contrast 
to  the  solutions  of  (2)  or  weak  solutions.  The  following  lemma  enlightens  the  connection 
between  weak  and  strong  solutions. 

Lemma  1.  Let  iji  6  L2(ft)  with  ^  >  0  a.e.  and  let  u  6  C((0#»)  i  H^(CJ))  n 

i  H^(il))  be  such  that  Au(t)  6  L'(ft)  a.e.  t  >  0.  Then,  u  la  a  weak  solution 
of  (1)  iff  u  is  also  a  strong  solution. 

Proof .  Suppose  u  is  a  weak  solution  of  (1)  such  that  Au(t)  6  L1  (ft)  a.e.  t  >  0. 

Taking  v  «  +  C  in  (2)  with  C  6  D~(ft),  a  simple  integration  by  parts  shows  that 

u  ft)  <  Au(t)  a.e.  and  also  that  u  is  a  strong  solution  of  (1).  On  the  other  hand,  if 
t 

u  6  C([o,«)  !  h’(«))  n  !  h’(0))  satisfies  (1)  a.e.  it  it  clear  that  u  e  k  and 

u  loc  0  t 

also 

-AuMv  -  ufc)  >  -ufc(v  -  u^)  a.e.  on  SI  for  a.e.  t  >  0,  V  v  C  K 

Then  it  is  enough  to  apply  Lemma  2  of  Brezis  (6)  to  F  »  -Au,  w  -  v  -  ut, 

h  =  g  ■  -u  *(v  -  u  )  and  remark  that  (F,w)  ■  /  grad  u*grad(v  -  u  )dx.  • 
t  t  fl  t 

A  first  answer  about  the  regularity  of  the  weak  solutions  of  (1)  is  the  following! 
Theorem  1 .  Assume  6  H1  (ft)  such  that  <|>  >  0  oil  ft  and  (-Ail))-  C  L2(ft).  Let 
uQ  6  H^(ft)  with  Auq  6  L^ (ft) •  Then  the  weak  solution  u  of  (1)  satisfies 
Au  6  C( t0,“)  :  L1 (ft) ). 

As  we  have  said  in  the  Introduction,  the  proof  of  Theorem  1  comes  essentially 
considering  the  problem  P*  (when  B  is  given  by  (5))  formulated  as  an  Abstract  Cauchy 
one  on  the  L^ft)  space 


*2'we  identify  u(t, •)  with  u(t). 
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(11) 


1“  +  AV  8  0  In  l’(A),  on  (0,«) 
v(0)  -  vQ 


A  being  the  op* rotor  on  t,1  (0)  given  by 


(12) 


ID(A)  -  (we  lNo)  t  0(x,w(x) )  e  Wg'\0)  and  A8(x,w(x>)  0  I.1  («)> 
Aw  -  -A$(\w(*)>  if  w  6  D( A)  . 


Th*  following  r**ult  is  proved  in  Appendix  2. 

Proposition  1.  Assume  <|i  e  H^O)  eueh  thot  ♦  >  0  on  0  and_  (-A*)’  6  La(0).  Then  for 
•vry  v0eL1(D)  there  exiete  v  S  C((0,»)  i  L1  (0) )  unique  L1  (0)  eewigroup  aolution 
of  P*. 

A  firet  duality  reeult  ia  given  by  the  next  lemma. 

Lemma  a.  Assume  it  e  H^O)  such  that  ♦  >  0  on  0  and  (-Ap)“  e  l2(0),  Let  B  the 
operator  on  the  Hg(fl)  apace  given  by 

(13)  B<8)  -  -3tf*(-S)  V  8  6  D(-»*M-*))  *  D(B)  . 

2  ni  -1 

Consider  b  Q  D(B)  such  that  -Ab  e  1,  (0) ' J  ,  Denoting  a  -  (I  +  Xa)  (-Ab)  for  every 
X  >  0,  then  a  e  LJ(0)  and  (-A)"’a  -  (1  +  XBr’b. 

Proof.  The  definition  of  a  implies  (for  instance  when  X  «  1) 


(14) 


a(x)  -  A8(x,a(x))  -  -Ab(x)  on  0 
0(x,a(x))  -  0  on  30  . 


As  it  is  seen  in  Appendix  2  (Lemma  A. 4.)  the  previous  problem  can  be  formulated  as  a 

2 

Stationary  variational  Inequality.  Then  the  conclusion  a  6  L  (0)  comes  from  the 

2  -1 

hypotheses  on  4>«  On  the  other  hand,  as  L  (0)  C  H  (0)  then 
(-Af’a  -  b*  S  h’(A)  n  h2(0)  and 
(15)  b*(x)  -  b(x)  -  Min{'Kx),Ab*(x)}  . 

Prom  ( 1 5 )  h*  -  b  C  K  and  besides 


*3*Por  simplicity  in  the  notation  we  identify  -A  with  the  canonical  isomorphism  A 
from  Hj(ft)  onto  its  dual  H")-(0). 


6' 


b*(x)  -  b{x)  ■  Ab*(x)  a.*.  x  «  (x  e  R  i  (h*(x )  -  b(x))  <  ^(x)) 
b*(x)  -  b(x)  <  Ab*(x)  «•*<  x  8  {x  «  n  i  (h*(x)  -  h(x))  •  Wx)} 

Then,  for  every  v  6  K  we  have 

/  (-Ah*  +  (b*  -  b) ) (v  -  (b*  -  b))dx  >  0 

n 

and  inteqratinq  by  parti 

/  qrad  b**qrad(v  -  (h*  -  b))dx  +  ^fv)  -  ^(h*  -  b)  >  0 

n 

namely  -b*  8  9^(b*  -  b)  i.e.  b*  +  B(b«)  8  h.  ■ 

We  are  ready  now  to  prove  Theorem  1, 

Proof  of  Theorem  1.  Prom  Proposition  1  it  is  enouqh  to  show  that  if  u  is  the  weak 
solution  nt  (i)  then  -Au(t)  coincides  with  v(t)  the  unique  L1  (Jl)  semiqroup  solution 


of  P*  correnpondinq  to  the  initial  datum  v. 


-AuQ.  Tt  is  dona  in  two  stepst  a) 


Uq  8  Hp(fl)  n  H2(S1)  and  b)  u^  in  the  qeneral  case. 

Case  a).  By  definition  v(t)  ■  lim  v  (t)  where  v  (t)  are  piecewise  constant  functions 

n+«  n 

defined  by  v  (t)  ■  a"  for  kX  <  t  <  (k  +  1)X  ,  a"  8  D(A)  satisfyinq 
ok  n  n  k 

n  n 

k  "  ak-1  4_n 

"  *  ” 1  *“  •f  Aa^  *  0  k  ®  1  f  e  e  i  f  n 

n 

n  A 

ao  "  -% 


and  X  >0  h^incr  such  that  X  <  0.  It  is  el#ar  that  a.n  »  (I  +  X  A)  (-Au_)  and  then 
n  n  R  n  o 

a^  8  L2(fl)  because  of  Lemma  2.  Defininq  •  (-A)  1 « ,  b”  =»  (I  +  Xb)  nuQ  holds. 

Therefore  by  defining  u  (t)  ■  (-A)  1  u  (t)  »  h!1  for  kX  <  t  <  (k  +  1)X  we  have 

n  n  k  n  n 

-Au(t)  ■  -A(lim  u  (t))  ■  lim(-Au  (t))  ■  lim  v  (t)  -  v(t) 
n  n  n 


for  the  m-aceretiveness  of  B  in 

Case  h).  Let  u„  8  n  H2(fl)  be  such  that  Au  +  Au.  in  l'(JJ)  as  well  as  in 

n  n  j  in  r» 

H— 1 < H 1  (obviously  then  u  ♦  u  In  h'(J1))  when  m  *  *.  As  the  semiaroup  qenerated 

«*  t  ro  o  n 
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by  B  la  continuous  on  h'(£1)  it  follows  that  u  (t)  ♦  u(t)  in  h'(G)  (than 

'*  W  0 

Au  (t)  *  Au(t)  in  h“'(0>),  bainq  u,  and  u  bainq  tha  solutions  of  (1)  for  tha 
m  m 

initial  datum  u0  and  u0  |n  raspactivaly.  Analoqoualy,  by  tha  continuity  in  of 

tha  aamiqroup  generated  by  A  wa  hava  -Au  (t)  ♦  v(t)  in  L1*!)),  where  v(t)  is  tha 
solution  of  P*  with  respect  to  tha  initial  datum  vQ  ■  -Aup,  Tharafora  v(t)  ■  -Au(t) 
for  any  t  >  0.  a 

Remark  1 .  Anothar  regularity  rasult  follows  by  uainq  diffarant  mathode,  Pracisaly  if 

♦  8  H2(fl)  n  Hp(fl),  ♦  >  0  on  0,  and  u^  8  Hp(ft)  n  H2((l)  than  tha  weak  solution  u  of 

(1)  verifies  u  8  L*  (0,«  i  H2(fl))  (sea  Remark  II.  and  Theorem  11.13  of  Bresis  [5]).  It 

is  clear  that  Theorem  1  improves  Bra* is '  result  because  it  can  be  applied  to  a  wider  class 

of  obstacles  and  initial  data  (for  instance  when  Wx)  >  4  >  0  on  (1  for  some  4). 

Supplementary  hypotheses  allow  us  to  find  a  more  reqular  solution  of  (1). 

Theorem  2.  Assume  6  C2(ff),  ?  >  0  on  Xt,  Let  u»  8  h! ( 0)  be  such  that  Au  8  IMO). 

"  1  '  *  *  “  ■—  "■  ■■  0  0  -*  1  1 1 1  *■  o 

Thep  the  weak  solution  u  of  (1)  satisfies 

u  8  W1,"((0,-)  X  n>  n  L**(0,»  I  H2(0))  and  Au(t)  8  L*(fl)  a.e.  t  >  0  . 

To  prove  Theorem  2  we  consider  (1)  (or  equivalently  P  with  B  qiven  by  (5))  as  an 

M 

Abstract  Cauchy  Problem  on  L  («),  i.e. 


(16) 


flU  —  » 

—  +  Cu  s  n  in  1.  (0),  on  (0,“>) 

flt 

u( 0)  «  Up 


C  bainq  the  operator  on  I.  (0)  qiven  by 


(17) 


D(C)  -  {w  8  l”^)  n  Hp(il)  I  Aw  8  l"(0)f  Mini'll, Aw}  6  L“(a)} 
Cw  m  -Min{i|i,Aw}  if  w  8  ]j(C) 


The  two  results  stated  helow  are  needed  for  the  Proof  of  theorem  2  the  first  one  beinq 
shown  in  the  Appendix  3. 

Proposition  2,  Assume  'll  8  C7(XI),  >  0  on  XI,  Let  up  8  Hp(fl)  he.  such  that 

Aup  8  I.  (Si).  Then  there  exists  u  8  C(f0,»)  i  L  (0))  unique  I,  (ft)-  semigroup  solution 


-0- 


of  (16)  (or  P).  Moreover  u  G  W^'Vo,®)  x  fl)  n  t”(0,»  i  H2(fl))  arjd 

Au  g  t."no,«r  x  (1). 

t.emma  3.  Let  b  e  D(n)  n  n(c).  Sotting  c  »  (I  +  Xc)  'b,  then  c  -  (T  +  Xb)  b,  for  any 
X  >  0. 

Proof.  From  the  definition  of  c  it  follows  that 


c(x)  -  XMin{')<{x  ) , Ac (x )  }  •=  b(x)  on  0 


c  ( x )  *  0 


on  30  . 


As  c  -  b  G  K  (because  c  8  D(C))  it  is  easily  seen  that  -c  6  3>P(c  -  b)  proceeding  a-' 
in  Lemma  2.  * 

Proof  of  Theorem  2.  It  is  enough  to  see  that  the  weak  solution  u  of  (1)  coincides  with 

the  L°(Si)  semigroup  solution,  u",  of  (16)  corresponding  to  the  initial  datum  uQ  ■  uQ. 

Without  loss  of  generality  we  suppose  u  G  D(B).  Bv  definition  u(t)  ■  lim  u  (t)  where 

0  _  n+0° 

u  (t)  are  piecewise  constant  functions  given  by  u^t)  *  bfc  for  kX^  <  t  <  ik  +  1  ) X^ , 
hT  G  D(C ) ,  satisfying 


hn  _  bn 

-i-y— — ■  +  Ch£  =  0  k  *  1 , . . . ,  n 
n 


,  n 

ho  -  ur> 


(or  eouivalentlv  h£  =  (T  +  X^D-^)  when  X^  >  0  is  such  that  X^  -»  0.  Thanks  to 

j^mma  3  it  is  known  that  =  (X  +  XnB)'nu0.  On  the  other  hand,  B  being  m-accretive  in 

h’ (£)),  u ( t )  =  lim  "u  (t)  in  and  u(t)  =  u(t)  holds,  ■ 

b  ±cr.  h  5 


$3,  COMPARISON  RESULTS, 

The  following  comparison  results  will  be  used  in  the  next  section  under  the  present 
formulation  which  is  not  the  most  general  one  that  we  could  consider. 

Let  us  start  with  two  lemmas. 


jgpiiiiir  r“*- 


Lemma  4.  tat  8  L2(fl)  with  ifi  >  0  a. a.  on  0  and  let  uQ  6  Hg(ft).  Sat  h(t,x,T,v) 
ba  tha  solution  of  tha  haat  aquation 


(18) 


f ht  -  Ah  on  (t,»)  x  ft 

h  -  0  on  (t,»)  x  8ft 

h(T,x)  ■  v(x)  on  ft  . 


Than  If  u  la  tha  weak  aolutlon  of  ( 1 )  wa  hava 

(19)  u(t,x)  <  i»in(u0(x)  +  ti|»(x),h(t,x,0,u0))  a. a.  x  e  ft  and  t  >  0  . 


Proof.  By  tha  regularizing  affact  (10)  wa  know  that  for  any  t  >  0,  u(t)  6  D( B)  and  so 

~  (t)  8  K  i.a.  ^  (t)  <  ♦  a. a.  on  fl.  Inteqratinq  on  the  t-variable  it  follows 
at  at 

u(t)  -  u„  <  ti PC).  To  show  the  inequality  u  <  h  let  ;  e  L2  (0,«  i  H^(ft))  be  such 
u  xoc  u 

that  C(t,*)  >  0  a. a.  t  >  0  and  x  8  ft.  Then  v  *  ^7  -  C  6  K  and  substituting  in  (2) 

at 


wa  have 


On  the  other  hand 


/  u  *Cdx  +  f  grad  u»grad(v  -  u  )dx  <  0 
ft  t  ft  1 


/  h  *Cdx  +  /  grad  h*grad  Mx  »  0  . 
ft  t  ft 

Then  choosing  C  -  (u  -  h)+  and  substracting  the  above  expressions  we  obtain 

4  Mu  -  h)+l  ,  +  /  qrad(u  -  h)*grad(u  -  h)+dx  <  0  , 

2  LZ(fl)  ft 

So  I  (u  -  h)+(t)<  <  l(u  -  h)  +  (0)l  ,  holds  which  finishes  the  p.-oof.  1 

LZ(ft) 


LZ(ft) 


2  1 

Lemma  5.  Assume  ^  8  L  (fl),  <|i  >  0  on_  ft  and  uQ  ^  8  Hn(fl)  i  »  1,2.  Then  if  u^  is 

tha  weak  solution  of  (1)  corresponding  to  Ug  it  follows  that 


<(u  (t)  -  u  (t))+l  <  Mu  -  u  )+»  , 

1  2  L-2  (ft)  0,1  °'2  L* 


(ill 


and 
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•  (u  (t)  -  u  (tn  i  <  Ku  -  u  )'» 

1  2  L(0)  '  0,2  Lz(«) 

In  particular  when  uQ  >  0  (reap,  <  0)  a.e,  on  £J  we  have  u(t)  >  0  (reap. 
u(t)  <  0)  a.e.  on  ft  and  t  >  0. 

Proof.  Immediate  from  the  proof  of  the  previous  lemma  taking  h(t,x,0,0)  i.e.  h  =  0.  ■ 
Remark  2.  Better  comparison  results  could  be  obtained  using  the  fact  that  P  is  "well 

OO 

posed"  on  L  (fl)  under  supplementary  hypotheses  (on  4*  and  uQ). 

The  two  following  results  are  derived  from  the  m-accretiveness  in  °f  the 

operator  B  as  well  as  the  theory  of  Variational  Inequalities. 

2 

Proposition  3.  Let  t|>^  C  L  (0)  with  ^>0  a.e.  on  0  for  i  =*  1,2.  Assume 

u0  ®  h’(IJ)  and  let  u*  be  the  weak  solution  of  (1)  corresponding  to  the  obstacle  i|t  . 

1  2 

Then  <(»1  <  <|>2  a.e.  on  II  implies  u  (t,x)  <  u  (t,x)  a.e,  on  (0,*)  *  IJ. 

Proof.  Taking  into  account  the  definition  of  the  Hg(H)  semigroup  solution  it  is  enouqh 
to  see  that  when  ui(x)  C  Hg(fl)  verifies 

u1  +  AB.  u1  =  f 


(with  f  6  D(B.  ))  then  u^(x)  <  u2(x)  a.e.  x  6  (1,  Proceeding  as  in  Appendix  3  (Lemma 
1  ~  i 

A, 8)  we  know  that  the  functions  u^  m  u  -  f  are  solutions  of  the  Variational  Inequality 
given  by  u^  6  1C  =  {v  6  Hg(fi)  !  v<x)  <  Al|L(x)  a.e.  x  G  12}  and 


/  qrad  u*grad(v  -  u)dx  +  4-  /  u(v  -  u)dx  >  <Af,v  -  u> 


h  (ni^H^tii) 


V  v  6  •  Therefore  from  Proposition  1.9  of  Brezis  [5]  we  get  <  u2  a.e.  on  12  and 

the  proof  ends.  ■ 

Proposition  4.  Let  f  G  L2(I2)  with  ^  >  0  a.e.  on  12.  For  i  =  1,2,  let  u„  .  G  H 1  ( £2) 

—  -  "  "  "f  i  o 

and  denotes  by  u,  the  associated  weak  solution  of  (1).  Then  -Au^  „  <  0  <  -Au„  _  in 

■  ^  .  0,  1  Of  2  —— 

D'(H)  implies  -Au^t)  <  0  <  -Au^tt)  i_tn  D'(S)  a.e.  t  >  0. 

Proof.  It  is  easy  to  see  that  v^  =  -Au* ,  i  =  1,2,  are  the  H  1 ( 0 )  semigroup  solutions 


of  the  Abstract  Cauchy  Problems 
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(20) 


dv  —  1 

—  +  Ev  3  0  in  H  (fl),  on  (0,») 

v(0)  »  vQ 

corresponding  to  the  initial  data  v  »  -Au  ,»  where  E  is  the  operator  in  H_1(£l) 

0  Of  1 

defined  by 

(21)  E  -  (-A)*b«(-A)-1  . 

(we  recall  that  E  is  an  m-accretive  operator  on  H_1((J),  see  Appendix  2).  Then  it  is 

enouqh  to  prove  that  when  v^(x)  8  H-*1  (fl )  verify 

v^  +  XEv1  »  q^  on  H  1  ( 0)  , 

(g^  6  H  1 (0 ) ,  beinq  g1  <  g in  D* (0 )  and  g1  or  gj  identicial  to  zero)  then 

1  2 

v  <  v  in  0'(H)«  Arquinq  as  in  Appendix  2  it  is  easily  seen  that  the  function 
h^(x)  ■  -Min{4>(x),-u^(x)J  is  the  solution  of  the  variational  Inequality 

h^  C  K*  »  (w  C  H^(fl)  i  w(x)  >  -<|i(x)  a.e.  x  e  ft)  and 

A  /  grad  h,  *grad(w  -  h.  )dx  +  /  h.  (w  -  h,  )dx  >  ( g.  ,w  -  h  > 

a  1  1  n  1  1  11  h"' (0)xh^((1) 

1  2 

V  w  8  K*.  Therefore,  by  applying  the  Corollary  1.5  of  Brezis  (5)  we  get  h  <  h  a.e.  on 
II.  Finally  the  result  follows  from  the  fact  that  g^  •*  0  implies  h^  «  0.  ■ 

Remark  3.  Better  comparison  results  about  -Au(t)  could  be  obtained  using  the  fact  that 
P*  is  well  posed  on  L^fl)  under  supplementary  hypotheses  (on  ^  and  u0).  The 
situation  is  similar  to  the  one  in  Remark  2. 

This  section  is  finished  with  a  curious  and  very  useful  estimate  which  is,  out  of 
slight  modifications,  a  particular  application  of  the  abstract  result  of  Benilan-Diaz  (3). 
Proposition  4.  Let  8  H^O)  with  >  0  a.e.  on  0  and  ( -Aiji)  6  L2(fl).  Assume 
uQ  8  Hg(fl)  such  that 

— - L1  ((1)  ; 

-AuQ  6  D  (A)  (D  (A)  -  {w  6  D(A )  :  Aw  >  0} )  . 

Then 

(23)  h( t , x; 0, Vp)  <  -Min(^(x),Au(t,x)}  a.e,  (t,x)  8  (0,»)  x  0 

where  vQ  =  -Minf'bAUg} . 
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<  «.  Consider 


proof.  For  a  >  0  let  a„  6  D+(A)  be  such  that  l-AuQ  -  aQ« 

“  L  (••  J 


a1  G  D<  A)  verifying 


a?  +  X  Aa^  ■  a-  for  any  n  *  1»2,. •• 
Ini  0 


By  the  T-accretivaness  of  the  operator  A  we  have 


t/<ft) 


,(al  -  a0)  +  '.1,n,  *  'K  "  30  +  \»(  °  X~l  ‘  Z0^  +  ,T.1 


L  (ft) 


if  z  e  Aa  .  So  an  <  and  also  a,  6  D  (A).  Arquing  by  induction  there  exists 
0  0  1  o  » 

a£  e  d+(a)  such  that  aQ  ■*  >  a"  >  a”  >  . . .  >  a£  >  ...  and 


(24) 


n  n 

— “  +  *  0  k  "  1,2'*,*'n  • 
n 


Set  w"  =  Mint^.-a").  Then  from  (24)  we  have 
K  A 


(25) 


n  \  a  n  en 
w,  -  X  Aw,  «  f , 
k  n  k  k 


where  f"  =  af'  -  a"  +  w"  Xt  is  easy  to  check  that 
k  k-1  k  k 

=  a£_,  +  Min{«|»,-a”_1 )  a£  -  Min{l|»,-a£}  _  MinCt.-aJ^, }  > 

>  -Min{4’i-a^_1 )  =  wk_i  • 

On  the  other  hand,  if  we  denote  h(t)  =  h(t,‘|0,v  )  then  h(t)  »  lim  hn(t)  with 

h  (t)  *  d"  if  X  k  <  t  <  X  (k  +  1),  the  elements  d"  6  (w  e  W  '  (ft)  :  Aw  6  L  (ft)}  and 
n  k  n  n  x  v 

satisfy 


(26) 


,n  an 
dk  -  d 


^  — •  —  Ad^  ^  ®  in  ^  (^0#  k  a  1#2#see»n 


do  “  *o 


V  n  e  N 


Msino  the  T-accre tiveness  of  the  operator  -A  on  ^(fl)  (i.e.  the  operator  A  given  by 

(12)  when  8(x,r)  =  r)  we  deduce  from  (25)  and  (26) 
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Now  by  the  Crandall-Liggett  Theorem  ((11])  and  the  proof  of  Theorem  1  we  know  that  if 

v(t)  -  -Au(t)  then  v(t)  ■  lim  u  (t)  where  u  (t)  -  a/}  for  kX  <  t  <  (k  +  1)X  and 

.  -  n  n  K  n  n 

for  T  fixed  we  have  the  estimate 

max  max  <v(t)  -  a£’!  ,  <  a  +  (X  ) ^2  <r . | a  Min{4>,an)( 

k«1,...,k(n)  tetkX  , (k+1 )X  )  *  L  (SI)  n  0  L  (SI) 

n  n 

where  k(n)  is  such  that  |k(n)X  -  T|  <  X  .  By  the  continuity  in  1^(8)  of  the 

n  n 

transformation  w  +  -  Min{<i,-w}  we  have 


max  max  I-  Min{<|i,-v(t))  -  w  5  <  p(n,a) 

k»1 , . . . ,k(n )  tCfkX  ,(k+1)X  )  *  L  (£)) 

n  n 


with  lim  lim  p(n,a)  -  0.  Then,  we  obtain  (23)  passmq  to  the  limit  in  (27)  when  n  +  ** 

o-m»  n-H» 

and  «  ♦  0.  ■ 

Remark  4.  In  Benilan-Diaz  [13]  it  is  proved  that  (23)  is  not  true  (in  general)  without  the 


hypothesis  (22). 


|4.  ON  THE  ASYMPTOTIC  BEHAVIOUR. 

Our  attention  is  fixed,  at  the  moment,  on  the  convergence  of  the  weak  solution  u  to 

an  equilibrium  point  of  (1).  It  is  clear  that,  in  general,  the  asymptotic  behaviour  of 

u  depends  in  an  essential  way  of  uQ  (for  any  fixed  obstacle  i|<).  The  following  result 

improves  that  of  Brezis  in  some  particular  casesi 

2  1 

Proposition  5.  Let  ♦  fi  L  (SI)  with  f  >  0  a.e.  on  fl,  Let  u^  e  HQ(S2)  and  u  be  the 
weak  solution  of  (1).  The  following  holdsi 

i)  _If_  -Au^  >  0  ^n_  D'  (SI)  then  u(t)  ♦  0  (strongly)  in  ( £2 )  when 

t  ♦  *  where  um  is  a  solution  of  (3). 

ii)  If  -Au_  <  0  in  D *  (S3 )  then  u(t)  ♦  u_  (strongly)  in  h1(£))  when  t  +  " 

-  0  —  -  ■  - 1 -  0  - 

where  u„  is  a  solution  of  (3). 

Proof i  i)  By  Proposition  4  -Au(t)  >  0  in  D'(8).  Then  u(t)  satisfies  ufc  »  Au 
a.e.  t  >  0  and  the  conclusion  holds  from  the  results  about  the  asymptotic  behaviour  for 
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the  ltnaar  heat  equation,  ii)  In  this  case  -Au(t)  <  0  in  D' (ft)  by  Proposition  4. 
Then  it  is  easy  to  see  that  u  is  tha  solution  of  the  problem 

t ut |  <  *  on  (0,®)  x  ft 

ufc  -  Au  «  0  on  { ( t,  x )  :  |ut(t,x)|  <  Wx)} 


(28) 

ufc  -  Au  <  0 

on 

{(t,x)  . 

lut(t,x)  -  i|i(x)} 

ufc  -  Au  >  0 

on 

{(t,x)  : 

Ut<t,x)  »  -'l'(x)} 

u  -  0 

on 

(o,®:  x 

3ft 

u(0,x)  -  uQ(x) 

on 

ft 

and  so  it  is  well  known  that  u(t)  +  u„  (strong’v)  in  Hg(ft)  (see  [8]).  Finally,  as 
-Au,,  <  0  in  D'(ft),  u„  is  a  solution  of  (3).  ■ 

The  next  theorem  is  the  main  result  of  this  Section  and  guarantees  the  stronq 

convergence  of  the  solution  to  zero. 

2  1 
Theorem  3.  Assume  <ji  6  H  (ft)  with  i|i  >  0,  Ai|i  >  0  a.e.  on  ft  and  let  uQ  G  HQ(ft).  Then 

If  <»(X)  >  0  a.e.  x  6  ft  u( t )  ♦  0  (strongly)  in  h’(«)  when  t  ♦  If  in  addition 

4>(x)  >  5  for  some  5  >  0  then  u.  »  Au  on  (T-,®)  x  ft  where  T  =  (t  . 

-  -  t  —  0  -  0  t1(„ 

and  C1  a  positive  constant  depending  only  on  |ft|. 

Proof.  18t  step.  Assume  ♦  G  C2(tt),  >  0,  Ai|l  >  0  and  un  6  H^(ft)  such  that 

am  s  . 

h  ■  -Auq  G  Ii  (ft).  Set  uQ  +  and  uQ  _  belonging  to  H0(ft)  such  that  -AuQ  +  =  h  and 

-Au  *  -h  •  bet  u  and  u  he  the  weak  solutions  of  (1)  corresponding  to  the  initial 

data  up>+  and  u0,-  respectively.  By  Theorem  2  and  the  T-accretiveness  of  A  we  know 
that 

(29)  -Aujt)  <  -Au( t )  <  -Au  +  (t)  in  Ii“(ft),  a.e.  t  >  0 

From  the  Proposition  5  and  the  well  known  results  on  the  asymptotic  behaviour  for  the 

00 

linear  heat  equation  we  deduce  that  -Au+(t)  *  0  in  L  (ft)  when  t  ♦  +“.  On  the  other 

e.  1  A  00  A 

hand  it  is  possible  to  find  a  u  G  H  (ft)  with  Au  G  L  (ft)  and  such  that  -Au  <  'Au 

”  0  0  0  o,  - 

A  ^  L  ( )  A  «o 

a.e.  on  ft  as  well  as  -Au^  G  D  (A)  .  Indeed,  it  suffices  to  choose  v^  G  L  (ft)  such 

that  v^  <  Mint-ili, -Au0  _}  and  then  un  =  (-A)-1vn.  (We  remark  that  in  this  case 

Min(i|i,AUp}  =  <i  so  Af-Au^)  =  Ai|i  >  0).  Therefore  Proposition  4  shows  that 

(30)  h(t,x»0,  -<i(x  ) )  <  -Mint’Hx  ) ,  Au(  t,x  ) )  5  -Min{i|i(x),Au  (t,x)}  <  0 
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w- 

\  ' 


I 

I 

I 

i 


ki. 


where  d  is  the  weak  solution  of  (1)  corresponding  to  tne  initial  datum  uQ,  From  the 
results  on  the  asymptotic  behaviour  for  the  linear  heat  equation  it  is  well  known  that 
i)  V  t  >  0  h(t,x»0,-*(x) )  G  l"(£1) 

ii)  there  exists  a  positive  constant  C  (only  depending  on  |£l|)  such  that 

<31>  1*1  ,  <  h't,xjO,-*(x) )  <  0  a.e.  <t,x)  6  (0,«)  *  £5 

tN/2  l\£1) 

m 

Fatima  tea  (30)  and  (31)  shows  that  if  *(x)  >  0  a.e.  x  G  £1  then  Au_(t)  ♦  0  in  L  (£)) 
when  t  ♦  +®  and  the  l.rst  assertion  follows  from  (29)  and  the  fact  that 
-Au(t)  ♦  0  in  L  (fl)  implies  i(t)  ♦  0  (strongly)  in  H^fl)  when  t  ♦  ™.  on  the  other 
hand,  if  *(x)  >  5  >  0,  from  (30)  and  (31)  it  follows  that 

-*<x)  <  -Au  <t)  <  -Au(t) 


1 

4 

\ 


1 


1 


-J 

1 


-2 

\ 


i 

i 


for  t  >  T  ,  T  -  [t  l^»l  ]2,/N.  Then  Min{*(x),Au(t,x)}  ■  Au(t,x)  a. a. 

0  0  6  lNJI) 

( t, x )  e  ( Tq , oo )  x  £1  and  the  second  assertion  holds. 

2n<*  step.  Take  *  G  C2(ft)  with  i|>  >  0  and  A*  >  0  a.e.  on  £).  X,et  u0  <*  H^H). 

Consider  u.  G  h]!"')  with  -Au.  0  L  (£1)  and  u.  +  u..  in  H^(0)  when  n  ♦  •.  Then 

0  *n  o  o#  n  u,n  u  u 

if  uft)  is  the  weak  solution  of  (1)  of  initial  datum  u_  _  it  is  known  that 
11  Uf  n 

u  (t)  ♦  u(t)  in  hVo)  when  n  +  *  and  so  the  first  assertion  follows  from  the  first 
n  0 

step.  Besides  when  *(x)  >  5  >  0,  one  has  (u  )  -  Au  a.e.  on  (T  ,«*)  «  £1  with 

n  t  n  o 

T  -  [S  li(il  ]2,/N.  Therefore  by  the  "exponential  formule"  (see  e.g.  (7),  corolary  4.4) 
l/(fl) 

we  have  for  t  >  T. 

0 


u ( t )  =  lim  (I  +  -  B^utT.)  -  lim  (X  +  -  BJ^dim  u  (T.))  - 
m~  m  0  m-  ”  n~>  "  ° 

-lim  (lim  (I  +iB)"mu  <T.)>  -  lim  (lim  (X  +  -(-A))'mu  )T„))  - 

n-M-  n-M»  m-H» 

-  lim  (It  -  (-A)  )_mu(T_) 

.  ^  PI  u 
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4 

1 


(we  have  identified  -A  with  the  m-accretive  operator  on  Hq(8)  of  domain 

{z  G  Hq(8)  1  *  Hg(0)}),  Therefore  the  second  assertion  holds, 

3rd  step,  Let  i(>  G  H2(8)  with  i)>  >  0,  Atji  >  o  a.e.  on  8  and  u^  G  H^(0).  Consider 

i(i  «  C2(ff)  with  Aij/  >  0  such  that  1  ,  <  l\(il  and  ♦  ♦  in  H2(8)  when 

n  n  n  L1  (£1)  l’(8)  n 

n  +  ",  Arguinq  as  in  the  above  step  it  is  enouqh  to  prove  that  if  un  is  the  weak 

solution  of  (1)  correspondinq  to  the  obstacle  \|/  then  u  (t)  +  u(t)  (strongly)  in 

n  n 

H^(1)  when  n  +  ",  By  an  abstract  result  of  the  theory  of  evolution  equations  (see  [7) 

Thee  ram  4.2)  it  is  sufficient  to  show  that 

(I  +  Xb  )_1z  ♦  (I  +  Xb)-1z  when  n  +  ",  V  X  >  0  and  V  s  G  D(B)  n  D(B  )  . 
n  n 

(B  designates  the  operator  B  correspondinq  to  the  obstacle  4*  )•  Setting 
n  n 

y  »  (I  +  Xb  )_1z  and  y  -  (I  +  Xb)-1z  and  a  'guinq  as  in  Appendix  2  we  know  that 
n  n 

v  =  y  -  z  satisfies  y  S  K  3  (v  6  H^(8)  :  v(x)  4  Xiji  (x)  a.e.  x  G  0}  and 
'n  n  n  n  0  n 

/  qrad  y  *qrad(v  -  y  )dx  +  4-  /  y  (v  -  y  )dx  >  <Az,v  -  u> 

n  n  n  A  8  n  n  H_1(n)>«HQ(rt) 

V  v  G  K  .  Then  by  the  results  of  the  theory  of  Variational  Inequalities  (and  thanks  to 
n 

the  fact  that  ♦  <l>  in  H1^))  we  obtain  yn  *  y  =  y  -  z  (strongly)  in  Hg(8)  when 
n  ♦  ■ 

Remark  5.  The  above  result  improves  a  previous)  one  of  (15)  concerning  the  case 
+  (x)  =  6  >  0  a.e.  x  G  8. 

When  i|»(x)  >  6  >  0  but  without  any  additional  regularity  hypotheses  we  don’t  know  if 

the  identification,  after  a  finite  time,  between  u  and  a  solution  of  the  linear  heat 

equation  occurs  or  not.  Nevertheless  the  followinq  result  shows  that  in  this  case  the 

asymptotic  behaviour  is  not  very  different. 

2 

Proposition  6.  Let  G  L  (8)  wi th  V(x)  >  5  a.e.  on  8,  for  some  S  >  o,  and 
u0  G  H^(8).  Then,  with  the  notation  of  the  Lemma  4,  we  have 

(32)  h(t,X)T0,U(j(T0,x)  )  <  u(t,x)  <  h(  t,x>  0,u^(x ) )  a.e,  (t,x)  G  (TQ  m)  *  8  , 

where  is  the  solution  of  (1)  correspondinq  to  4*<x )  =  5  and  T0  is  given  in 

P 

Theorem  3.  In  particular  u(t)  +  0  (strongly)  in  L  (8)  for  every 
1  <  p  <  +"  when  t  +  +". 
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Proof.  Prom  Theorem  3  Ug(t,»)  ■  h(t»  • » TQ,u^  (TQ,  •) )  with  TQ  •  (C  •  1 0 1 )  2/N. 

Proposition  3  and  Lamm*  4  laad  to  the  estimate  (32).  So  u(t)  ♦  0  (atrongly)  in  Lp(ft) 
for  every  1  <  p  <  +•«  ■ 

We  consider  now  (in  soma  particular  cases)  the  problem  of  choosing  lim  u(t)  among 

t*m 

all  the  equi librium  points  of  (1), 

Proposition  7.  Let  ♦  6  L2(fl)  with  if/  >  0  a.e.  on  0,  and  uQ  6  Hg(ft).  Then  the 
following  holds i 

a)  if_  uQ  >  0  a.e.  on  ft,  u(t,x)  -  0  a.e.  x  6  (x  8  0  »  uQ(x)  ■  0  and 

♦(x)  ■  0>,  V  t  >  0.  Moreover  lim  u(t,x)  ■  0  (weakly)  in  h!(0) 

fr*» 

b)  AuQ  <  0  in  D'(Q),  u(t,x)  ■  uQ(x)  a.e,  x  8  (x  8  ft  i  i|i(x)  »  0)  V  t  >  0. 
Proof,  a)  Ry  Lemmas  4  and  5  it  follows 

0  <  u(t,x)  <  Ufl(x)  +  t*l|»(X)  . 

On  the  other  hand 

0  <  u(t,x)  <  h(t,x>0,uQ) 

which  implies  that  u(t,x)  ♦  0  (atrongly)  in  L2(ft)  when  t  ♦  •,  Then  if  ia  the 

weak  limit  point  of  u(t)  when  t  ♦  ■  due  to  the  compactness  of  the  inclusion 

H^(ft)  C  L2(ft)  we  deduce  that  u(t,x)  ♦  u„  (strongly)  in  L2(ft).  Part  b)  is  a 

consequence  of  the  fact  that  u(t,x)  >  uQ(x>  as  ifc  can  b*  checked  from  the  definition  of 

u.  Then  the  conclusion  holds  by  the  Lemma  4.  ■ 

Part  a)  of  the  previous  result  shows  that  if  the  measure  of  the  set 

(x  8  ft  i  i|»(x)  «  0)  is  positive  then  the  second  assertion  of  Theorem  3  is  not  possible. 

Part  b)  gives  a  simple  situation  where  ’m  u(t)  is  not  identically  aero. 

t+" 

Remark  6.  The  equation  of  problem  (1)  can  obviously  be  written  as 

ut  +  Max(-Au,-i|>}  «  0 

and  then  it  is  similar  to  the  so  called  Bellman's  equation  of  Dynamic  Programming  (see  e.g. 
(1)).  It  would  be  interesting  to  know  if  our  results  can  be  proved  (or  improved)  by 
stochastic  arguments. 

Remark  7.  In  (R)  the  study  of  the  asymptotic  behaviour  of  the  solutions  of  the  problem 
(28)  is  also  proposed.  Our  methods  remain  still  valid  and  its  application  is  left  to  the 


reader. 


-18- 


APPENDIX  1.  Basic  Theory  of  Accretive  Operators 


Given  a  Banach  space  X  and  an  operator  A  i  D(  A)  £  X  ♦  P(X)  we  call 

u  e  C((0,")  t  X)  a  semigroup  solution  of  the  AhBtract  Equation 

du 

(A.1 )  ^  +  Au  8  0  on  t0,«) 

if  there  exists  X  >  0,  A  -*  0  when  n  ♦  •  and  a  sequence  (a^)  k  »  0,1,...  satlsfyinq 
v  n  K 

n  n 
a  -  a 

(A.  2)  ■  +  Aa£  3  0,  k  -  1 ,2, . . .  ,n  C  N 

n 

and  such  that  the  sequence  u„(t)  defined  hy  u  (t)  *■  an  if  kX  <  t  <  (k+1)X  verify 

n  n  x  n  n 

•u ( t )  -  u  (t)  I  <  X  . 

n  n 

Rouqhly  (A. 2)  represents  a  simple  Implicit  Euler  approximation  of  (A.1)  and  we  are 
defininq  solutions  of  (A.1)  to  be  limits  of  solutions  of  these  difference  approximations. 

There  are  many  criteria  ensurinq  the  existence  of  the  X^ -approximate  solution  u^, 
being  a  simple  one  the  followinq  "ranqe  condition"! 

(A. 3)  R(  I  +  XA)  D  n(A>  V  X  >  0 

(see  details  in  the  survey  article  of  Crandall  (10)).  The  question  of  the  convergence  of 
such  %  sequence  lead  to  the  notion  of  accretive  operator. 

Definition  A.1,  An  operator  A  !  D ( A)  C  X  +  P(X)  is  called  accretive  if 
V  (x,y 1 , (x,y)  «  A 

(A. 4)  Mx  -  x)l  <  lx  -  x  +  X(y  -  y)  I  for  all  X  >  0  . 

If  X  is  also  a  Banach  lattice  then  A  is  called  T-accretlve  if  V[x,yl,(x,y)  G  A 
(A. 5)  I ( x  -  x)  +  *  <  l(x  -  x  +  X(v  -  v))  +  l  for  all  X  >  0  . 

where  h+  =  max(h,0).^  ^  Finally  if  A  satisfies  (A, 4)  and  R(I  +  Xa)  =  X  V  X  >  0 
A  is  called  m-accretlve. 

Proposition  A.1.  Let  A  he  accretive  (resp,  T-accretive ).  Let  up  6  D( A ) »  If  there 

exists  an  X  —approximate  solution  u_  of  (A.1)  such  that  lu_(0)  -  u^l  <  X_  then  tjiere 
i  ~  p  '  1  ■  i  n  ■  ■  r  n  w  n  — 


^**If  X  is  a  normal  Banach  lattice  (i.e,  ltu+l  <  llv  +  l  and  In  II  <  lv  I  implies 
lul  <  Ivl  )  then  any  T-accretive  operator  is  also  accretive. 
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Tr**” — 


exists  u  9  C(fO,")  i  X)  semigroup  solutinn  of  (A.))  such  that  u(0)  »  u^.  Moreover  If 
u  and  0  are  semigroup  solutions  of  (A.1)  then 

lu(t)  -  u(t)l  <  flu ( 0 )  -  u(0)l  (resp.  I(u(t)  -  Q(t))+I  <  l(u(0)  -  (1(0))+I) 
l.e,  the  application  S(t)uQ  *•  u(t)  la  a  semigroup  of  contractions  on  D(A)', 

This  proposition  Is  proved  in  (121  (resp.  in  (21)  for  accretive  (resp.  T-accretive) 
operators.  In  both  works  more  sophisticated  situations  are  also  considered. 

Let  us  introduce  some  notation  that  provides  an  alternative  characterisation  of 
accretiveneas  and  T-aecretiveness  (often  easier  to  verify  in  practice  than  (A. 4)  and 
(A. 5)).  For  x,v  9  X,  define 


t(x,y)  »  inf 
A>0 


lx  +  Ay  I 


Ixl 


and  also 


»x  +  Ay  I 
<J(x,y)  •  sup - '  -S' 

A<0 


Ixl 


T+(x,y) 


inf 

A>0 


I  (x 


+  Ay)+I 


lx  +  l 


o+(x,v) 


,up  lOLiAy)^1.-  I*!1 

A<0 


when  X  is  assumed  to  be  a  Banach  lattice.  It  is  easy  to  check  that  A  is  accreive 
(resp.  T-accretive)  if  and  only  if 

T (x  -  x,y  -  <>)  >  0  (resp.  t+(x  -  x,v  -  y)  >  0) 
for  all  tx,y),(x,y)  9  A.  If  A  satisfies  the  stronger  assumption 

o(x  -  a,y  -  y)  >  0  (resp.  c+(x  -  x,y  -  y)  >  0) 
for  all  (x.ylrtx.y)  9  A,  A  is  called  strongly  accretive  (resp,  strongly  T-accretive).  It 
is  well-known  (see  (101)  that  a  densely  defined,  linear  and  accretive  (resp.  T-accretive) 
operator  in  a  strongly  accretive  (resp.  T-accretive)  one. 

The  advantage  of  these  alternative  characterization  is  that  for  certain  spaces  x  the 
ahove  products  are  easy  to  computes 
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Lemma  A.1 


(c.f.  Sato  [19]).  Ut  ft  C  RN 


i)  if  X  -  Lp(ft)  for  1  <  p  < 


T+(f,q)  .  o+(f,q)  » 


— /  |f  I0-1  *siqn*fq  dx  t  if  0 

IfV  1  n  0 


lq  +  » 


f  -  0 


ii)  U.  X  -  L  (ft) 

T+(f,q)  ■  max{/  a«q*dx,  a  9  L  ,  a(x)  9  siqn+f(x)  a.*.) 

0+(f,q)  *  mint/  a’q'dx,  a  Q  L  ,  a(x)  9  siqn+f(x)  a.e.) 

iii )  if  X  -  L°°(ft ) 


x+(f,q)  -  maxjlim  ess  8up[a(x)q(x)  i  x  9  ft(f,X)],a  9  L*,a(x)  0  Sign+f(x)  a.e.) 
X+0 

o+(f,q)  -  mintlim  ess  inf[a(x)q(x)  «  x  9  ft(f,X)],a  9  L*,a(x)  C  «iqn+f(x)  a. a.} 
X+0 

where  ft(f,X)  «  {x  9  ft  i  |f(x)|  >  <fl  m  -  X}  and 

L 


siqn*(v) 


fl  if  v  >  0 
|o  if  v  <  0 


siqn  (v)  ■  { 


1  if  v  >  0 

[0,1]  if  v  «  0 

0  if  v  <  0  ,  ■ 


when  X  is  a  Hilbert  space  of  scalar  product  (  ,  )  it  is  easy  to  see  that  A  is 
accretive  if  and  only  if  A  is  monotone  (i.e.  (x  -  x,y  -  y)  >  0  v  [x,y),(x,y]  9  A), 
this  case  the  classes  of  m-accretive  operators  and  of  maximal  monotone  ones  coincide  (see 
T71  ). 
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APPENDIX  2.  Tha  Problem  p»  (8  given  hy  (•>))  la  wall  poaed  on  L^fl)  and  H-*1  ( f> > , 

The  main  aim  of  this  appendix  la  to  prova  that  P»  la  a  vail  poaad  problem  on  L1 ( 0  > 
(whan  <|>  S  H 1  ( fl ) ,  Y  >  0,  ( -Ai|i )  4  L2(ft)  and  8  la  given  by  (i))t  that  la  tha  statamant  of 
Propoaltlon  1 . 

2  1 
Lamina  A. 2.  Aaauma  6  I,  (ft),  t|i  >  0  a. a.  on  ft  and  consider  tha  oparator  A  on  L  (ft) 

given  by  (12)  l.a. 

D(A)  ■  {w  6  L'(ft)  i  5(x,w(x))  fi  Wq'Va)  and  AB(xrw(x))  8  L^ft)} 

Aw  ■  — AB ( • ,w( • ) )  if  w  6  D(A)  , 

Than  A  la  T-accratlva  in  L^ft). 

Proof.  Hie  oparator  -A  defined  in  L^fl)  by  D(-A)  ■  {w  6  Wg'^ft)  «  Aw  6  L^O)}  is  a 

1  m 

strongly  T-accretiva  oparator  in  L  (0).  Hian  for  any  u*  Q  d(-A)  and  any  a(x)  e  L  (ft) 

such  that  a(x)  S  sign+u*(x)  a.e.  x  8  0,  wa  have 

(A. 6)  /  -Au**adx  >  0  . 

ft 

Now  let  [u,v],(u,v]  6  A  (l.a.  u,u  fi  D(A)  and  v  •  -AB(x,u)»  v  -  -ABtx.u)).  Then 
u*  *  B(*,u)  -  8(*,u)  be longc  to  d(-A),  Taking 

fl  if  (u  -  u)(x)  >0  and  u*(x)  >  0 
a*(x)  »  | 

(O  if  (u  -  u)(x)  <  0  and  u*(x)  <  0  or  (u  -  u)(x)  <  0  and  u*(x)  »  0 

then  o*(x)  S  L**(ft)  and  a*(x)  8  aign*(u(x)  -  u(x))  n  sign+u*(x).  So 

/  (Au  -  Au)a*dx  >  0 
ft 

by  (A. 6),  which  shows  the  T-accretiveness  of  operator  A.  ■ 

Our  next  step  is  to  prove  the  range  condition  (A. 5)  which  is  only  well  known  for  ^ 

not  depending  on  x  (see  Brezis-Strauss  F9]),  For  it  we  begin  with  a  technical  lemma 

Lemma  A, 3 ,  Assume  i|i  to  be  a  measurable  function  on  ft  and  let  S  given  by  (5).  Then 

(A. 7)  B_1(x,r)  -  r  +  y(r  +  *(x))  V  r  6  nXB"1  (x,  • ) ) ,  a.e.  x  6  ft 

2 

being  Y(r)  the  maximal  monotone  graph  of  R  defined  by 


-22' 


(A. 8)  Y(r )  -  0  if  r  >  0,  Y(o)  -  (-*,0)  anrt  Ytr)  -  $  (the  empty  act)  If  r  <  0  . 
Proof.  If  r  >  -i|i(x)  it  is  clear  that  fl“1(x,r)  »  r  +  Y(r  +  <Mx)).  If  a  e  8-1(x,r) 

with  r  »  -i)»(x)  then  a  »  r  +  (a  -  r)  where  (a  -  r)  >0  and  so  (a  -  r)  6  Y(0). 

Conversely  if  a  »  r  +  h  (h  6  Y(0))  then  -Min{i|<(x),-x}  -  r  »  -iji(x)  and  a  S  S'^x.r).  ■ 

Lemma  A. 4.  Let  6  (ft)  be  such  that  i|»  >  0  a, a,  on  ft  and  Ai|»  is  a  measure  with 

.  2  1 
(-A<|i)  e  L  (ft).  Let  8  given  by  (5).  Then  the  operator  A  is  m-accretive  in  L  (ft). 

More  concretely,  for  all  f  6  L \tt)  there  exists  a  unique  u  «  L.1  ( SJ )  with 

B(x,u)  e  Wp'q(fl)  (i  <  a  <  —  N  - )  such  that 


(A. 9) 


u(x)  -  XAB(x,u(x))  -  f(x)  a . e .  on  ft 
8(x,u(x)  >  »  0  on  3(1  . 


Proof.  Set  h(x)  ■  8(x,u(x))«  Then  u  is  a  solution  of  (A. 9)  if  and  only  if 
h  GW^.'^(ft)f  Ah  e  L^ft)  and  -XAh(x)  +  8  1(x»h(x>)  3  f(x)  a.e,  x  6  (1,  or  equivalently 
(by  Lemma  A.  3) 


(A. 10) 


-XAh(x)  +  h(x)  +  Y(h(x)  +  <|>(x))  3  f(x>  a.e.  x  6  (5 
h  ■  0  on  3(1  . 


Due  to  the  accretiveness  of  operator  (-XA  +  I)  on  L 1  ( 51 )  and  from  the  monotonicity  of 

-  »  1 
Y  we  know  that  if  he  D(-A)  is  the  solution  of  (A. 10)  corresponding  to  f  6  L  (ft)  then 

(A. 1 1 )  Iff  -  (-XAh  +  h) )  -  [f  -  ( -XAh  +  h]l  <  If  -  fl 

L  (ft)  l\(1) 


(see  Brezis-Strauss  [9]).  In  particular,  the  coercivity  of  the  operator  (-XA  +  i)  in 
L^fft)  implies  that 

(A. 12]  alh  -hi  <  I -XA (h  -  h)  +  (h  -  h)l  <  2»f  -  fl  for  some  a  >  0  . 

L  (ft)  L1  (ft)  L  (ft) 


From  (A. 12)  the  uniqueness  follows.  To  prove  the  existence  of  solution  it  suffices  to 


consider  f  being  in  a  dense  set  of  L1 (ft).  Indeed,  let  hn  (with 


-XAh  +  h  e  L1  (ft) ) 
n  n 


he  the  solution  of  (A# 10)  corresponding  to  f  and  f  +  f  in  L  (fl),  By  (A, 12)  we  have 

<*  n 

alh  -  h  I  <  II  — XA ( h  -  h  )  +  (h  -  h  )l  <  2lf  -  f  I 

n  m  L'(n)  n  m  n  m  n  m  ^1 
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and  then  h  +  h  and  -XAh  t  h  +  -XAh  +  hj  finally  f  *■  (-XAh  +  h)  e  Y(u  +  t)  since 
n  n  n 

Y  is  maximal. 

2  1 

Actually,  when  f  6  L  (ft)  and  h  6  HQ(fl)  is  the  solution  of  the  Variational 
Inequality 

h(x)  >  -i|/(x)  a.e.  x  8  fl 
-XAh  +  h  >  f  a.e.  on  ft 
(h  +  iji)(-XAh  +  h  -  f)  *  0  a.e.  on  ft 
h  =»  0  on  3ft 

2  1 

it  is  well  known  (due  to  the  hypothesis  on  <|f)  that  h  S  H  (ft)  n  HQ(ft)  (see  Brezis 
(5)).  Therefore  h  satisfies  (A. 10).  Finally  the  function  u  =  f  +  XAh  -  X  is  such  that 


li(x)  G  0<x,u(x))  a.e.  x  S  ft  and  so  u  is  the  solution  of  (A. 9).  (The  regularity  on 
8(x,u(x))  come  from  the  fact  that  A0(*,u(*))  6  L'(ft),  see  (9)).  ■ 

Lemma  A.  5  A9t,ume  and  0  as  in  Lemma  A.4.  Then  D(A)1'  ^  *  =  L 1  ( ft ) . 


Proof.  It. is  enough  to  see  I.  (ft)  C  d(A)  '  .  Take  f  6  L  (ft)  and  for  each  X  >  0  let 

2  1 

z^  G  H  (ft)  n  »c(ft)  be  the  solution  of  (A. 10).  By  Theorem  1.1  of  Brezis  (5)  we  get 


(A.  14) 


CX  2 
Lift) 


<  if*  +  c*i;-xa!|>)"i 

LZ(«)  LZ(ft) 


with  C  independent  of  X.  Therefore  {Xz^}  converges  weakly  in  H2(ft)  and  then 

stronqly  in  L  (ft),  when  X  +  0.  But  {Xz^}  +  0  in  L  (ft)  because 

Izjl  ^  <  If  I  —  (by  the  comparison  results)  and  then  #z.l  <  C',  C 

L  (ft)  L  (ft)  _  L2(ft) 

independent  of  X  (because  -')i(x)  <  -  z^(x)  <  z^(x)  a.e.  x  G  ft).  Settlnq 

y^(x)  =  f (x)  +  XAz^(x)  it  is  clear  the  y^(x)  p  B  '(x.z^fx))  a.e.  x  G  ft  (see  Lemma 

2 

A. 3),  y^  G  D(A)  and  converges  (weakly)  to  f  in  L  (ft)  when  X  0.  Finally  from 

(A. 14)  we  deduce  that  lim  ly,l  „  =  If  I  and  then  y.  converges  (strongly)  in 

\*0  A  t/(ft)  I.(ft)  A 

L  (ft).  ■ 

The  proof  of  Proposition  1  is  now  a  consequence  of  Proposition  A1  and  Lemmas  A2,  A4 

and  AS.  Problem  P*  is  also  well  posed  on  the  space  H  '(ft): 

2  —  V 

Lemma  A. 6.  Assume  i)1  G  L  (ft),  t  >  0  a.e.  on  ft.  Consider  the  operator  E  on  H  (ft) 

given  by  (21 ),  i.e. 


APPENDIX  3.  The  Problem  P  Is  Well  Posed  on  L  (0). 

m 

The  accreti veness  in  L  (ft)  of  the  operator  C  given  in  (17)#  i.e.. 


D(C)  «  {w  8  l"(«J)  n  Hp(fl)  I  Aw  6  L**(ft),  Mint*, Aw}  8  L*(fi)} 

Cw  -  -Mint*, Aw)  if  w  8  D(c)  , 

is  an  application  of  the  abstract  result  of  (4)  or  (17).  Here  we  show  it  directly. 

2 

Lemma  A. 7,  Assumed  *  8  L  (0),  *  >  0  a , e «  on  ft,  the  operator  C  is  T-accretlve  in 

L*  (ft). 

Proof.  Let  (u,v],[u,vj  6  C.  Let  us  assume  that  w  «  (u  -  u)  +  £  0.  7fcen  if  8  is  qiven 

by  (5)  t+(w,8(x,-Au)  -  8(x,-Au))  >  0  because  otherwise  for  some  X  >  0  one  would  have 

6(x,-Au)  -  8(x,~Au)  <  0  a.e.  on  ft(w,X).  Prom  the  monotonicity  of  B(x,*)  we  would 

deduce  that  -A(u  -  u)  <  0  a.e.  on  ft(w,X),  But  (u  -  u)  =  Iwl  -  X  in  the  boundary  of 

L 

ft( w,X)  and  the  application  of  the  maximum  principle  would  lead  to  a  contradiction.  ■ 


About  the  range  condition  one  has: 

Lemma  A, 8.  Assumed  *  8  CZ(ff)  with  *  >  0  on  C  satisfies  the  range  condition 

(A. 3).  More  exactly,  for  all  f  8  L  (ft)  n  H^tft)  such  that  Af  8  L  (ft)  there  exists 


u  6  D(C)  solution  of 


(A. 1 5 ) 


u  +  XCu  »  f  if  X  >  o  , 


Moreover 


(A. 16) 


lAul  „  <  c(IAfl  „  +  IA*I  w  ) 

L  (ft)  L  (ft)  L  (ft) 


fcr  some  constant  c  Independent  of  X  and  f. 

Proof.  Set  u  o  u  -  f.  Then  it  is  easy  to  see  that  u  is  a  solution  of  (A. 15)  if  and 
only  if  u  8  nj(ft)  n  l  (ft),  Au  6  L  (ft)  and  u  satisfies  -Au(x)  -  8  1  (x,-  -|x  B  Af(x) 
a.e.  x  6  ft,  or  equivalently  (see  Lemma  A. 3) 


(A.  1  7 ) 


j  -Au(x>  Y(*(x,  -  9  Af(x)  a.e. 


on  3ft 


where  Y  is  the  qraph  given  by  (A. 8).  Problem  (A. 17)  coincides  with  the  Variational 
Inequality 

u(x )  <  Xijf(x)  a.e.  x  6  £1 

•v 

-Au  +  y  <  Af  a.e.  on  £1 

(A. 18) 

(u  -  X<i)(-Au  t  j  -  Af )  «.  o  a.e.  on  £1 
u  »  0  on  3£)  . 

It  is  well  known  that  under  the  assumption  t  6  C2(ft),  ^  >  0  on  ft  there  exists  a  unique 

u  S  H^(£l)  solution  of  (A.  18)  satisfyinq  Au  G  L  (£1)  and 

IXAul  —  <  C(IXAfl  m  +  IXA^I  m  (see  (18)).  Then  u  6  P(C)  and  it  verifies 

L  (£1)  L  (£))  L  (£1) 

(A.  15)  and  (A.  !6).  ■ 

Problem  P  can  actually  be  "solved"  in  terms  of  the  Proposition  1.  Indeed,  when 

» 

u0  6  D(C) ,  by  Proposition  A.1  and  Lemmas  A. 7  and  A. ft  there  exists  a  unique  uet  (Si) 
semiqroup  solution  of  P.  Finally  the  regularity  of  u  follows  from  Theorem  2  of  Benilan- 
Ha  [4]  (Notice  that  the  hypothesis  R(6(x,‘))  =  R  a.e.  x  6  £1  made  in  (4)  is  only  used  to 

(  CO 

prove  the  existence  of  the  L  (£1)  semiqroup  solution). 
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